ABSTRACT. We establish an integral test describing the exact cut-off between recurrence and transience for normally reflected Brownian motion in certain unbounded domains in a class of warped product manifolds. Besides extending a previous result by R. Pinsky [P1] , who treated the case in which the ambient space is flat, our result recovers the classical test for the standard Brownian motion in model spaces. Moreover, it allows us to discuss the recurrence/transience dichotomy for certain generalized tube domains around totally geodesic submanifolds in hyperbolic space.
INTRODUCTION AND STATEMENT OF THE MAIN RESULT
It is well-known that Brownian motion exhibits a sharp dichotomy regarding its long term behavior: either the typical path returns to any compact domain of the state space infinitely often (recurrence) or it escapes toward infinity, eventually leaving behind any bounded region (transience). In the geometric context of Brownian motion in a complete Riemannian manifold, several tests have been designed to single out which case actually occurs; see [G] for a rather complete survey on this subject. It turns out that a challenging problem here is to determine, for a given family of metrics, the exact cut-off between the regimes. For instance, a classical result described in [G, Proposition 3 .1] settles the problem for model spaces (rotationally symmetric manifolds).
When the given manifold carries a non-empty boundary, it is natural to consider normally reflected Brownian motion; we refer to [SV] [LS] [IW] [BH] [H] [P1] [W] [dL] for the construction and basic properties of this diffusion process. In this setting, a question posed in [G, Problem 6] suggests an integral test to find out the precise threshold between recurrence and transience for a generalized tube domain around a totally geodesic plane in flat space under the assumption that the corresponding profile function does not oscillate too much at infinity. A rather satisfactory answer to this question was provided by R. Pinsky [P1] , who based his argument on the construction of suitable Lyapunov functions.
The aim of this note is to point out that the method in [P1] can be adapted to handle certain unbounded domains in a class of warped product Riemannian manifolds displaying an O p × O q symmetry. In fact, from the argument presented in Section 3 it transpires that the class of O p × O q -invariant metrics considered here is the largest one to which the technique in [P1] applies. Besides extending [P1, Theorem 1] to those metrics, our result retrieves the classical recurrence/transience test for the standard Brownian motion in model spaces referred to above. More importantly, as a further application we will be able to discuss the recurrence/transience dichotomy for certain generalized tube domains around totally geodesic submanifolds in hyperbolic space whose profile functions decay exponentially (see Example 3 below).
We now describe our main result (Theorem 1 below). Fix an integer q ≥ 1 and on the manifold M q = (0, +∞) × S q−1 consider the rotationally symmetric metric k = dr 2 + ξ 2 (r)dσ 2 q−1 . Here, dσ 2 q−1 is the standard round metric on the unit sphere S q−1 ⊂ R q and ξ : (0, +∞) → R is a smooth positive function. We assume that k extends smoothly accross r = 0 so as to define a Riemannian structure in R q . Also, we require thatξ ≥ 0 everywhere, where the dot means derivative with respect to r. Note that this impliesξ ≥ 1.
p−1 is a complete rotationally symmetric metric in R p . Here, θ, φ : (0, +∞) → R are smooth positive functions. Even though a version of our main result holds true for certain domains in warped product manifolds carrying an inner boundary (see Example 4 below), in this Introduction we take for granted that g extends smoothly accross s = 0, thus defining a Riemannian structure in R p+q = R p ⊕ R q which is obviously invariant under the standard O p × O q -action. This invariance plays a key role in the computations leading to the proof of Theorem 1. Now take a smooth positive function f : [0, +∞) → R and consider the domain D f = {(x, y) ∈ R p+q ; r < f (s)}, where s = |x| and r = |y|. By construction, the Riemannian domain (D f , g) inherits the invariance under the O p × O q -action mentioned above. We are interested in discussing the recurrence/transience dichotomy for normally reflected Brownian motion in this kind of domain. Our test involves the integral
which clearly depends only on the asymptotic geometry of (D f , g). Similarly to Pinsky's, our test requires suitable decay assumptions preventing f from oscillating too much at infinity. Here and in the following, primes denote ordinary or partial derivation with respect to s.
Theorem 1. With the notation above assume that:
Then the following assertions hold:
Remark 1.
As mentioned above, Theorem 1 addresses the general question suggested by [G, Problem 6] and [P1, Theorem 1] . The result confirms that, at least for the class of warped domains considered here, there exists an integral test detecting the recurrence/transience cut-off if f is "slowly" changing at infinity. However, as already pointed out in [G] , an effective test in case f oscillates too much seems to be much harder to figure out.
Remark 2. The conclusions in the theorem can be rephrased in potential theoretic terms. Thus, recurrence means that any bounded subharmonic function v on D satisfying ∂v/∂ν ≥ 0 along ∂D, where ν is the inward unit normal, is necessarily constant. By contrast, transience means that such non-constant functions exist; see [G, Proposition 5 .1].
Remark 3. In order to avoid explicitly mentioning explosion times, normally reflected Brownian motion b t in (D f , g) is tacitly assumed to be conservative in Theorem 1. Of course, recurrence already implies conservativeness. Moreover, in most examples of transience occurring in Section 2, (D f , g) has the property that the Ricci tensor Ric and the second fundamental form A are both uniformly bounded from below. Thus, we may start with the Feyman-Kac formula for differential 1-forms on manifolds with boundary [H] [dL] and proceed as in the proof of [BGL, Theorem 3.2.6 ] to make sure that conservativeness holds in those cases. For the sake of completeness we include here the well-known argument. If ω is a compactly supported 1-form on D f satisfying absolute boundary conditions then the Feyman-Kac formula implies the estimate (1.1)
Here, ∆
g is the Hodge Laplacian acting on 1-forms, r(x) = inf |ω|=1 Ric x ω, ω , a(x) = inf |ω|=1 A x ω, ω and l t is the boundary local time. Now let ϕ and η be compactly supported functions on N with ∂ϕ/∂ν = 0 along ∂N and η = 0 in a neighborhood of ∂N . If ∆ g is the Laplacian acting on functions, a computation shows that
and using (1.1) with ω = dϕ we find that
where r = inf r and a = inf a are both finite by assumption. Letting ϕ approach 1, the function identically equal to 1, we conclude that e 1 2 t∆g 1 = 1 and conservativeness is established.
SOME EXAMPLES
We now discuss a few interesting examples to which Theorem 1 applies. 
Here, (D f , g ) is the Riemannian product of the rotationally symmetric manifold (R p , h) and the unit disk of dimension q endowed with the flat metric. After decomposing the normally reflected Brownian motion in D f as b t = (x t , y t ), it is clear that x t is the standard Brownian motion in (R p , h) (which we assume to be conservative; see Remark 3). In this way we recover the classical recurrence/transience test for model spaces [G, Proposition 3.1] .
These examples illustrate the unifying character of Theorem 1. In addition, the test is flexible enough to allow for a discussion of the dichotomy in other interesting geometric backgrounds, as highlighted by the examples below.
Example 3. (Generalized tube domains in hyperbolic space) Take θ(s) = sinh s, ξ(r) = sinh r and φ(s) = cosh s so that h and g are hyperbolic metrics in dimensions p and p + q, respectively. Hence, D f is a generalized tube domain around a totally geodesic submanifold of dimension p. Here,
for any f as in Theorem 1. We apply the test to f (s) = e αs , α ∈ R. If α < 0 then f (s) → 0 uniformly as s → +∞, so that sinh f (s) = f (s) + o(e 2αs ). Hence, when checking the assumptions in the theorem and figuring out the asymptotic shape of I we may replace sinh f by f . We easily see that the assumptions are satisfied if α < −1 and that
(1−p−q−αq)s ds.
Thus, recurrence takes place if α ≤ 1−p−while transience occurs if α > 1−p−. We note that our test does not directly apply if α ≥ −1, since in this case f oscillates "too much" at infinity and the assumptions in the theorem fail to hold; see Remark 1. However, since 1−p−< −1, we can appeal to domain monotonicity (see the discussion following [P1, Proposition 1]) to infer that transience also holds in this range of α. Notice that if α ≥ 0 this also follows from the fact that D f contains the slab corresponding to the function identically equal to 1, where transience should hold by a variant of the argument in Example 2. We also observe that D f has finite volume if and only if α < 
q−1 , with ϑ 0 (r) = r, ϑ −1 (r) = sinh r, and
Even though this metric has many interesting geometric properties (for instance, if q = 1 a well-known calculation shows that it is Einstein, Ric gm,ǫ = pǫg m,ǫ ), it is far from having constant sectional curvature. To probe its structure near the inner boundary r = r m,ǫ , introduce the radial parameter s = rm,ǫ dr/ ζ m,ǫ (r). It follows that h m,ǫ = ds 2 + θ 2 (s)dσ 2 p−1 , where θ(0) = θ ′ (0) = 0, which proves that h m,ǫ extends smoothly to [r m,ǫ , +∞) × S p−1 so that r = r m,ǫ is a totally geodesic sphere. On the other hand, g m,ǫ = h m,ǫ + φ 2 (s)k ǫ , where φ(0) = 0, which means that the inner boundary (horizon) is null in the sense that the metric degenerates in the vertical directions as s → 0 (equivalently, r → r m,ǫ ). However, if we choose s > 0 and consider f : [s, +∞) → [0, +∞) with f (s) = 0 and f (s) > 0 if s > s then D f never intersects the null boundary and the argument leading to Theorem 1 carries over to this situation. Since g m,ǫ approaches the flat or hyperbolic metric as s → +∞ (according to ǫ being 0 or −1) and our test only involves the asymptotic geometry of (D f , g m,ǫ ), the results in Examples 1 and 3 above hold for the corresponding generalized tube domains in this Schwarzschild-type space.
THE PROOF OF THEOREM 1
The proof of Theorem 1 follows the reasoning in [P1] closely and relies on a well-known test for recurrence/transience based on the construction of Lyapunov functions [P2, Chapter 6 ]. Here we merely indicate the required modifications to carry over the argument to our more general setting. These are mainly due to the presence of the warping functions φ and ξ. We note that by domain monotonicity it suffices to prove the result for
We retain the notation of the Introduction and consider the domain D f ⊂ R p+q defined by the condition r < f (s) and endowed with the warped metric g = h + φ 2 k. If e y = y/|y| then the inward unit normal vector on ∂D f is
The first step in the argument is an observation which follows readly from Itô's formula: if b t is normally reflected Brownian motion in D f then for any smooth function u : D f → R with ∇u, ν = 0 along ∂D f the process
is a local martingale. To exploit this we follow [P1] and seek Lyapunov functions u ± = u ± (ρ, r) as follows. We consider (s, r) such that 0 ≤ r ≤ f (s) and set
Thus, u ± will be determined by the requirement that
where Ψ(s, r) = (F (s, r), r) and ψ ± : [0, +∞) → R is a positive function to be chosen later. We observe that for each s the map r → Ψ(s, r) parametrizes a curve which happens to be a level set of u ± . Since Ψ(s, f (s)) = (s, f (s)), this curve always hits ∂D f . Moreover, it does it orthogonally because
In particular, ∇ g u ± , ν = 0 along any ∂D f ∩ {ρ ≥ ρ 0 }. Thus, by stopping the process Π u ± t with the exit time of domains of the type {ρ ≤ ρ 0 } and taking expectation we see from (3.1) that suitable Lyapunov functions can be constructed if we make sure that ∆ g u ± has a definite sign, possibly vanishing somewhere, and control the growth of u ± as ρ → +∞. In the following calculations we sometimes suppress the dependence of the various functions on their arguments since this will cause no confusion. Accordingly, we define
and
By setting u = u ± , ψ = ψ ± for simplicity and taking partial derivatives of u(ρ, r) = ψ(s) up to second order we obtain
C 2 . The rationale behind the computation above can be described as follows. The invariance of (D f , g) under the O p × O q -action on R p+q suggests that the (reflected) Markov diffusion process on D f /O p × O q = {(s, r) ∈ R 2 ; s ≥ 0, r ≥ 0, r < f (s)} induced by the elliptic operator in the right-hand side of (3.3) should contain a great deal of information regarding the original reflected Brownian motion in (D f , g ). However, a direct analysis of this bidimensional diffusion is out of the question. Fortunately, consideration of the prospective Lyapunov function u = u ± allows us to perform a further dimensional reduction: for each r the right-hand side of (3.4) defines a second order differential operator acting on the auxiliary function ψ = ψ(s). Under our assumptions, for s large enough this operator is elliptic with sufficiently regular coefficients. It is well-known that the recurrence/transience cut-off for the one-dimensional Markov diffusion process generated by such an operator involves the consideration of integrals of the type . Thus, one is naturally led to squeeze B/A between functions depending only on s, and this is precisely where the decay conditions on f come into play. We now explain how this can be done. Indeed, after algebraic rearrangements we find that 
